Abstract-Millimeter-wave emission from the rippled-field magnetron (cross-field free electron laser (FEL)) is investigated experimentally and theoretically. In this device, electrons move in quasi-circular orbits under the combined action of a radial electric field, a uniform axial magnetic field, and a radial azimuthally periodic wiggler magnetic field. In excess of 300 kW of RF power is observed in two narrow spectral lines whose frequency can be tuned continuously from -25 to -50 GHz by variation of the axial magnetic field. The observations are interpreted as a FEL type of instability, associated with a resonance in the particle motion of a layer of electrons embedded in the dense spacecharge cloud. The resonance is shown to occur when 2k,,vo 0 (0O/yo) _1 -((WP/I0o)2, where kW is the wiggler wavenumber, vo is the azimuthal electron velocity, QO is the relativistic cyclotron frequency in the axial magnetic field, wp is the relativistic plasma frequency, and To = [1 -(VOIC)2] -1/2 of the resonant electron layer.
I. INTRODUCTION MXANY STUDIES have been reported oflinear [1, refs.] free electron lasers (FEL's) in which short-wavelength radiation is produced when electrons moving in essentially straight lines interact with a spatially periodic wiggler magnetic field. Recently, novel circular geometry FEL's have been explored both theoretically [2] - [5] and experimentally [6]- [8] in which a rotating relativistic electron ring interacts with an azimuthally periodic wiggler field produced by samarium cobalt magnets placed interior and exterior to the beam. The potential advantages of such systems include a longer effective interaction region, a more compact geometrical configuration, and internal feedback resulting from the recirculation of the electromagnetic wave. This last feature may mean that the device is likely to operate as an oscillator rather than amplifier, as in the case of linear FEL's. Moreover, calculations show that the instability growth rates are high [5] and comparable to those of a gyrotron. Manuscript In the experiments to date, two principal methods have been used to generate the rotating electron beam. The first experiments [6] employed a diode configuration similar to that used in relativistic magnetrons. Here the electrons perform E x B drifts around the azimuth in the presence of a radial electric field and an axial magnetic field. Addition of an azimuthally periodic magnetic field then results in a circular FEL called the rippled-field magnetron or cross-field FEL, the latter term being sometimes reserved for the case of a tenuous [3] rotating ring, the former for the case of dense beams [2] , [4] at or near Brillouin equilibrium.
In an alternate configuration [7] , [8] , the rotating electron beam is produced by passing a hollow nonrotating electron beam through a narrow magnetic cusp. In this manner, the e 'z x Br force at the center of the cusp effectively converts the axial beam velocity into rotational velocity downstream of the cusp region. If the cusp is symmetric, the downstream beam performs simple axisencircling cyclotron orbits with a gyroradius equal to the radius of the beam on the upstream side of the cusp. This configuration has been discussed in detail elsewhere [7] , [8] and lies outside the subject matter of this paper.
In this paper we describe a continuation of our earlier experiments [6] on the rippled-field magnetron and new computations aimed at interpreting the observations. In Section II we describe the experiments in which more than 300 kW of RF power is observed in two narrow spectral lines whose frequency can be continuously tuned from -25 to -50 GHz by variation of the axial magnetic field. In Section III we discuss computations of the dispersion equation of the instability. We find that the measured spectral characteristics as a function of applied magnetic field can be interpreted as an interaction between a cyclotronlike mode on the electron beam upshifted by the wiggler periodicity, and an electromagnetic wave at and near a resonance in the particle motion occurring when 2k, vo = (QO/'YO) [1 - Details of magnet placement are described elsewhere [6] . by two pulsed magnetic-field coils surrounding, and coaxial with, the cylindrical electrodes. Typical current-voltage characteristics of the system as a function of the axial magnetic field are shown in Fig. 3 . In all cases the magnetic field exceeds the critical field required for magnetic insulation [9] . The radiation generated in the rippled-field magnetron is allowed to leak out through the Pyrex window seen in Fig. 2 . The radiation leaving the Pyrex window in a given direction is received with a horn antenna and rectified in a calibrated crystal detector. To obtain the total emitted power [9] in a given microwave frequency band, we make an angular scan of the radiation pattern of the transmitter, derive its antenna gain, and use the familiar radar formula [9] .
The frequency spectra are measured in one of two ways:
by means of a solid state or waveguide dispersive line and by a millimeter-wave grating spectrometer [11] . A dispersive line gives the spectrum in a single firing of the accelerator, but has poorer spectral resolution. The grating spectrometer has much better resolution. However, since the spectra must be assembled from successive shots, data acquisition is tedious and for that reason the spectrometer has been used sparingly, and then mostly to obtain detailed spectral linewidths. power exceed 300 kW. When the wiggler is turned off (by removing the samarium-cobalt magnets from their grooved aluminum cylinders), the emitted power falls by more than a factor of 20. Spectral characteristics of the emitted radiation, obtained with the grating spectrometer, are illustrated in Fig.  5 . The measured linewidth at the half-power points is -2.2 GHz (the instrument linewidth is -1.0 GHz). The lower part of Fig. 5 shows that in the absence of the wiggler, the level of radiation has fallen by more than three orders of magnitude; the emission is broad band and shows no narrow spectral features.
The radiation frequency of the spectral line shown in Fig. 5 increases linearly with the strength of the axial magnetic field. This continuous frequency tuning from 32 to 45 GHz is illustrated in Fig. 6 . Fig. 7 shows that in addition to the spectral line referred to in Figs. 5 and 6, there is a lower-frequency branch which has similar tuning characteristics with magnetic field as the upper branch. Fig. 7 also shows the experimental results obtained when the wiggler periodicity N equals 24 (see Table II ). We see nance enhancement, the y-directed oscillations will play no significant role in our derivation of the wave dispersion equations discussed below.
In order to check the analytical derivation of the rippled equilibrium, we have integrated the system of equations (3) numerically for different values of Eo, Bo, and 1,. The single-particle computer calculation ( Fig. 9(a) ) was generated for the following set of parameters: Bo = 6.0 kG, V = 1.0 MV, d = 1.0 cm, 1, = 1.0 cm, and a time step at At = 10-13 s. This set corresponds to an "off-resonance" situation where the hierarchy bv}, >> 6v, bv, remains valid. We obtain first-order harmonic motion at frequency kw v0 in the y direction and a much smaller perturbation bv, across the gap. A second calculation ( Fig.   9(b) ) was produced for Bo = 9.05 kG, V = 1.0 MV, d = 1.0 cm, lw = 1.0 cm, and At 10-13 s, very close to the theoretical resonance 2kwvo = 0/-yo. Here, the situation is reversed: bvx5 vz >> 6vy, and we see that the frequency of the motion across the gap is twice that of the conventional undulatory motion. The anharmonicity in the y direction is produced by the perturbation of velocity along the flow itself. [12] [15] , [16] for a particular (assumed) equilibrium determined by the functional dependence of f (x). In the computations carried out in this paper, f (x) is assumed to be a constant independent of x. For the perfect Brillouin equilibrium (f = 1) the resonance vanishes. However, perfect Brillouin equilibrium is probably never achieved in practice, particularly not in the presence of a strong wiggler magnetic field, as in the case in our experiments. Of course, the above orbit calculations which exhibit the resonance do not necessarily imply the existence of a radiation instability. Below we derive the wave dispersion relation associated with the special dynamical equilibrium discussed above.
B. Dispersion Relation
In our model, the electromagnetic wave perturbation is taken to vary in the propagation direction z as exp (ikziwt). It is a transvqrse electromagnetic wave polarized with the electric field E along the x axis of the-coordinate system illustrated in Fig. 8 . This choice of E-field polarization assures coupling of the radiation field to the resonantly enhanced electron velocity component bvx of (6) . Thus, with the RF electric and magnetic fields given by E = EXX and B = Byy, the particle equations of motion become = -eEo -eE + e(vo + 6v, + wz)(Bo + Byv) = -e(3v, + wX) (Bo + By) TX f3By). (10) We now express the velocity perturbation w as a function of the RF fields. We use Floquet's theorem, and express all quantities related to the radiation fields as 00 X(x, z, t) = E X,,(x) exp [i(k,,z -wt)], 00 kn = k + nkw. (11) Using the orthogonality of harmonic functions and the resonance condition, we obtain (12) After a considerable amount of algebra, one finds the sought after expressions for wy, and wz,,:
wxn -iD 2-E Q2/_oW + V2-D2 (14) where jI -e(now, + 6nw, + ii6v,) is the RF current density, 77 is the density perturbation caused by the radiation field, and 6n is the density perturbation associated with the resonant particle motion. Use of the continuity equation yields vin = nO(knWzn -iOnWxX)In (15) and 6n = -noR cos (2k,z) (16) where o,,(x) is calculated from Poisson's equation with the result that atn = -WD k,n Qo [(Ty (w +°2Dn Qn)] - (17) Substituting (13), (15) , and (16) in (14) [ 14] in the parallel plate waveguide filled with cold drifting electrons:
The interaction between these waves is illustrated schematically in Fig. 11 (23) which is similar to the radiation frequency of a conventional FEL. Since the resonance condition requires that 2kwvo = (Q0/Pyo) )f2, we see that w increases with Qo and thus increases with Bo, in agreement with measurements (see Figs. 6 and 7) . This is unlike the computations of [4] in which the electric field of the wave is polarized so as to interact with the 6vy oscillatory motion (which is not resonantly enhanced). One then finds that X decreases with increasing Bo.
To find the instability growth rate one must compute the imaginary part of the frequency from the full dispersion equation (18). For example, the maximum growth rate of the high-frequency wave for the case f = 0.8, R = l, Qo/k,c = 3.08, and cc+IkW,c = 10.52 is /ilccp = 0.3. The saturated efficiency for this case is estimated to be -45 percent.
In the actual experiments described in Section II, the electron beam is dense and close to Brillouin equilibrium. Iff(x) is known (or assumed), (8) can be used to find the position Xr of the resonant layer. We have chosen f to be a constant and equal to 0.8, which is close to Brillouin equilibrium. Then using the measured voltage-magnetic field characteristics shown plotted in Fig. 3 [2] , [4] predict that co scales linearly with k, and decreases with increasing Bo.
In this paper we present a theoretical model different from those mentioned above.
Here we invoke a second-order resonance 2 kwVO = (Qo0/0) [1 - (WP/I0)2]"/2 in the electron motion which leads to radiation characteristics like those given by (22) and illustrated in Fig. 7 . It is not known why the first-order nonresonant FEL mode seen in other [7] , [8] circular FEL's is not observed here.
Unfortunately, the aforementioned resonant interaction carries with it a penalty, namely, the radiation frequencies are not as high as one might have hoped. Consider, for example, a tenuous (f -+ 0) relativistic electron beam (i3 -+ 1). It then follows from (8) and (23) that for the resonant interaction, Wi 4Qoyo = 4eBo/mo, and the radiation frequency equals four times the nonrelativistic cyclotron frequency. This is to be compared with the nonresonant FEL radiation frequency given by w R2k cy2 and the relativistic cyclotron maser [17] frequency W+ -2,y2oQ. In most practical systems, the two last named will exceed wR.
The measured radiation power exceeds 300 kW. On occasion we have observed RF power levels in excess of 1 MW. Despite these impressive values, the externally observed power leaking out of the device via the Pyrex window is less than 10-3 of the electron beam power. However, we
have as yet not addressed the problem of how best to couple out the available radiation, which we believe to exceed greatly the externally observed radiation. One possibility is to design a resonant cavity around the wiggler of the type used in gyrotrons.
